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Abstract: This paper studies the nonlinear dynamical characteristic of a composite plate made of 
new three-phase materials which include the graphene (GP) combined with macro fiber composite 
(MFC)  in the polymer. The GP is supposed to be uniformly dispersed in the upper and lower surfaces 
of the composite laminated plate with 1-3 mode of macro fiber. The cross-ply MFC composite 
laminated plate is subjected to transversal excitations. The constitutive laws for the MFC-GP 
composite material are obtained based on the rule of mixture for multi-components of composite 
material. The nonlinear governing equations of motion of the MFC-GP plate are derived by 
Hamilton’s principle and the von Kármán geometrical kinematics. Galerkin’s approach is employed to 
discretize the partial differential governing equations into a two-degree-of-freedom nonlinear system. 
Then, stability analysis is conducted to investigate the influences of various parameters on natural 
frequencies of the MFC-GP plate, with a particular focus on the effects of GP volume fraction, initial 
conditions and damping coefficients on nonlinear vibration behaviours of the composite plate. 
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 1. Introduction 
      Graphene (GP) has gained wide attention in the world as soon as it came out, since it opened a 
new area of research in many fields of science and technology, such as materials science, 
engineering, medicine, biomaterials and energy production [1]. Meanwhile, GP can be used as a skin 
material to supply some special performance for composite material, for example, the Rice University 
reported that “thin coating of graphene nanoribbons in epoxy developed has proven effective at 
melting ice on a helicopter blade” and so on. Such kind of composite material also features excellent 
  
mechanical performance, which would have a promising application prospect in many engineering 
fields, especially in aeronautics and astronautics. 
       In the last decade, a number of efforts have been made to explore different mechanical 
characteristics of graphene composite materials by using different methods, like molecular dynamics 
method, finite element method and mathematical modelling and so on. A review related to the 
importance and modelling of vibration behaviour of various nanostructures can be found in the work 
by Gibson’s et al. [2]. Pradhan and Kumar [3,4] investigated the small-scale effect on dynamical 
behaviour of graphene sheets with different boundary conditions. In some researches [5,6], they are 
pointed out that a variety of mechanical properties were enhanced when less than 5wt % of graphene 
sheets were filled in the polymer matrix. These mechanical properties include tensile strength, 
Young’s modulus, fracture toughness, fracture energy and so on. Recently, Shiu et al [7] investigated 
the thermal and mechanical properties of graphene/epoxy nanocomposites using molecular dynamics 
(MD) simulation. Spanos et al. [8] used a micromechanical finite element approach to obtain the 
mechanical properties of the composites reinforced with uniformly distributed graphene. Liu et al. [9] 
also revealed the mechanism of improved mechanical properties for graphene/polyethylene (PE) 
composites by conducting an MD simulation. Li et al [10] studied the mechanical and tribological 
properties of the graphene/polymer composites.  
      Regarding dynamic analysis of GP composites, Ansari et al [11, 12] developed a nonlocal plate 
model to study free vibrations of embedded multi-layered GSs (MLGSs). Rafiee et al. [13] examined 
large amplitude free vibration of functionally graded carbon nanotube reinforced composite beams 
with surface-bonded piezoelectric layers and the beams are subjected to a temperature change and an 
applied voltage. Song et al. [14] studied the effect of functionally graded reinforcement on the linear 
and nonlinear vibration of carbon nanotube cylindrical shells. Guo and Zhang [15] investigated the 
effects of external excitations on different kinds of periodic and chaotic motions of the carbon 
nanotube reinforced composite rectangular plate. Feng et al. [16] showed that the nonlinear deflection 
of graphene/epoxy composite beams can be decreased, respectively, by 13.7% and 26.1% with only 
0.5% and 1.0% graphene weight fractions. The nonlinear vibration characteristics of functionally 
gradient graphene reinforced composite plates resting on an elastic foundation in thermal 
environments were also studied by Shen et al. [17].  
       Another popular smart material is macro fiber composite (MFC), which was invented by NASA 
in 1999. Scholars from all over the world are attracted by MFC’s unique electromechanical coupling 
characteristics, which shows that an electric potential gradient can produce deformation (converse 
piezoelectric effect) and vice versa. Based on the different lay-up ways of piezoelectric fiber, there are 
generally two types of MFC, named as d13 and d33 modes. The type of d13, which can supply higher 
  
plane induction voltage, is widely used in many engineering applications. Therefore, MFC has been 
applied in the sensors and actuators to make the structures more intelligent. 
      Several analytical models have been formulated to predict the electromechanical responses of d13 
piezoelectric composite systems [18, 19, 20]. Based on the MFC material, Kang and Wang [21] 
considered the distribution of actuation voltages and structural layouts of the actuator in solving the 
optimization problem. The piezoelectric effect on the piezocomposites was investigated and 
optimized for layered piezoelectric transducers using analytical mixture rules and a numerical 
homogenization method by Biscani et al [22]. Moreover, Xu et al [23] presented three types of d13 
connectivity piezoelectric composites consisting of the piezoelectric ceramic rods of gauss variation. 
Lezgy-Nazargah [24] estimated the effective coupled thermo-electro-elastic material coefficients of 
three-phase piezoelectric structural fiber composites under multiple loading conditions. Guo et al [25] 
established the nonlinear dynamical model of a multilayer MFC laminated shell and studied the 
effects of transverse excitations and piezoelectric properties on the dynamic stability of the structure. 
 However, the review of the open literature shows that there exist few formulations to analyze the 
dynamical behavior of the composite material with both graphene and MFC within the matrix. The 
present work deals with the dynamical behavior of graphene combined with MFC (MFC-GP) in the 
polymer. The analytical solution is derived based on the energy principle and the Galerkin’s methods. 
The numerical approach is used to present the complex vibration characteristics of MFC-GP material. 
Finally, the results are compared and discussed. 
2. The constitutive relationship of the MFC-GP material 
Introduce a MFC-GP material, in which the MFC sheets are added into the matrix first and then 
covered by graphene to gain the three-phase composites as shown in Fig.1. The calculation of the 
constitutive relationships for the MFC-GP material is divided into two steps, the first step is to 
calculate the Young’s modulus of the MFC composite and the second one is to obtain the Young’s 
modulus of the MFC-GP material. 
 
      Fig.1 Schematic diagram of system structure 
  
According to the research [26], the Young’s modulus of the three-phase composites is obtained as 
follows based on the superposition principle 
( ) ( )( )= 1 1c g g g p p p mE E a E a a Ea + − + −                                              (1) 
where, gE 、 pE 、 mE are the Young’s modulus of the graphene, MFC and matrix, respectively. 
While, ga and pa are the volume fractions of the graphene and MFC. 
Meanwhile, according to the studies [27, 28], the Poisson’s ratio υ and the intensities of the 
electric fields of composite materials 3E can be obtained according to the rule of mixture as  
( ) ( )( )= 1 1g g g p p p ma a aaυ υ υ υ+ − + −                                                 (2) 
( )3E = 1g g p
g p
U U
a a
t t
a + −
                                                           (3) 
where  is voltage , gt 、 pt are the thickness of the graphene and MFC, respectively. 
According to the research [28], the piezoelectric-stain parameters for composite materials 3id  
(i=1, 2) can be written as follows 
( )3 1,2ii
i
M
d i
N
= =
                                                       (4) 
where iM and iN  are related to piezoelectric constant ig  , volume fraction ga 、 pa  and flexibility 
coefficient is , and the specific expressions of iM and iN  are given in the Appendix.  
According to the composite material properties, it can be considered as the transversely isotropic 
material. Therefore, the constitutive laws for the composite material with the three phases can be 
written as follows  
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where 3E  denotes the intensities of the electric fields of composite materials and the unit form of the 
elements ijQ can be written as 11 222= 1
cEQ Q
υ
=
−
, 12 212= 1
cEQ Qυ
υ
=
−
, ( )44 55 66= = = 2 1-
c
EQ Q Q
υ
. 
3. Equations of motion  
The nonlinear governing equations of motion for the MFC-GP structure are developed in this 
section. Consider a cantilevered laminated MFC-GP plate subjected to transverse excitation as shown 
in Fig.2. The physical parameters of the plate are the length a , width b  and total thickness h . The 
displacements of an arbitrary point within the composite plate in the x, y and z directions are u , v  
and w , respectively. 0u , 0v  and 0w  are the displacements of the neutral surface of the plate along the 
x, y and z directions. 
  
 
Fig.2 Model of the MFC-GP plate 
According to the first-order shear deformation theory, the displacement field of the MFC-GP 
plate can be expressed into the Cartesian coordinate system in the following  
0( , , , ) ( , , ) ( , , )xu x y z t u x y t z x y tφ= −                                           (6a) 
0( , , , ) ( , , ) ( , , )yv x y z t v x y t z x y tφ= −                                          (6b)  
0( , , , ) ( , , )w x y z t w x y t=                                                 (6c)  
From the von Kármán-type theory, the relation between strain and displacement is obtained. 
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The nonlinear governing equations of motion for the MFC-GP plate can be derived by the 
Hamilton’s principle as follows 
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where 
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The boundary conditions of the cantilevered plate are as follows 
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The dimensionless variables are introduced as follows 
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For convenience, lines above the symbols in Eq. (12) are omitted in the following analysis. 
Since such kind of partial differential equations are hard to solve, transformation will be brought 
to convert the governing equations of motion into ordinary differential forms by applying the Galerkin 
procedure. In the following analysis, the first two modes of the nonlinear dynamical system are 
studied.   
Based on the boundary conditions,  can be expressed in the following form 
( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 2 2, ,w x y t w t X x Y y w t X x Y y= +                                  (13) 
where 1w  and 2w  are the vibration mode functions, and 
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As the in-plane vibrations of the plate are very small, other variables can be discretized in the 
form as 
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The transverse excitation, and piezoelectrical parameters are also discretized as follows 
( ) ( ) ( ) ( )1 1 2 1 3 2cos sin sin cos sin sin2 2
x y x y
F F t t F t t
a b a b
pi pi pi pi
= Ω + Ω              
       
         (16a) 
( ) ( )1 11 2 12 2 3 2cos sin cos cos sin cos2 2e e e
x y x y
N N t N t
a b a b
pi pi pi pi
= Ω + Ω              
       
      (16b) 
   
( ) ( )2 21 3 22 3 3 2cos sin cos cos sin cos2 2e e e
x y x y
N N t N t
a b a b
pi pi pi pi
= Ω + Ω              
       
      (16c) 
Here, three steps are needed in process to obtain the ordinary differential equations of motion.  
Frist, substitute Eqs.(5)-(7) and (9)-(10) into Eq.(8) to get the nonlinear dynamical equations with the 
generalized displacement variables. Then, bring the Eqs.(15)-(16) into the generalized displacement 
equations and apply the Galerkin procedure to get the two-order ordinary differential equations. And 
third, substitute the actual parameters into the equations and ignore the terms which are the higher 
order small ones. Therefore, the governing equations of transverse motion for the MFC-GP plate are 
formulated as follows 
( ) ( )3 2 21 1 1 11 1 12 1 2 1 1 11 2 2 13 1 1+ + cos cosw w k w k w w w p w t k F tµ ω+ + + Ω = Ω&& &                    (17a) 
( ) ( ) ( )3 2 22 2 2 21 2 22 2 1 2 2 21 1 2 22 2 2 23 2 1cos + cos cosw w k w k w w w p w t p w t k F tµ ω+ + + + + Ω Ω = Ω&& &    (17b) 
The coefficients ijk (i=1, 2; j=1, 2, 3, 4) are the cubic nonlinear terms in  Eq.(17). 11p 、 21p and 
22p  represent the piezoelectrical parameters. 
 
4. Stability analysis  
The stability analysis is an important part for the nonlinear dynamic system, and which addresses 
the trajectories stability of dynamical systems under small perturbations of initial conditions. Based 
on Eq.(17), stability analysis is often carried out by using the eigenvalues of the corresponding matrix 
of the related linear system.  
Frist, omit the nonlinear and damping terms in Eq.(17) and introduce 
1 1X w=         2 1X w= &         3 2X w=         4 2X w= &                                        (18) 
Then, rewrite Eq.(17) in the following forms 
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 ( ) ( ) ( )24 2 3 21 2 1 22 2 3 23 2 1cos cos cosX X p t X p t X k F tt ω
∂
= − − Ω − Ω + Ω
∂
         (19d) 
Meanwhile, introduce the state space representation, and therefore Eq.(19) can also be expressed 
as the following matrix  
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Let A be the 4×4 Jacobian matrix of the vector field 	at a point 
21 23
41 43
0 1 0 0
0 0
0 0 0 1
0 0
P P
A
P P
 
 
 =
 
 
 
                                                         (22) 
If all eigenvalues of A have strictly negative real parts, the solution is stable and the imaginary 
parts are the natural frequencies of the system. If one of the eigenvalues of A is positive than zero, the 
system is unstable and the imaginary parts cannot be used to calculated the natural frequencies of the 
system. Therefore, the natural frequencies of the MFC-GP cantilever plate can be obtained through 
the negative eigenvalues of A. 
The material properties of the MFC-GP material are provided as shown in Table 1 and the 
physical parameters of the plate are chosen as 1.5a m= , 1b m=  and 0.002h m= . The different 
values of the first-order frequencies are obtained with the volume fractions of GP taken as 0, 0.005, 
0.01, 0.05 and 0.1 in the Table 2.  
To verify the results, the finite element method is applied to obtain the natural frequencies of the 
MFC-GP plate. The finite element model of the composite plate is established by using a thin plate 
element. The comparison results are obtained based on the same parameters of the MFC-GP plate. 
The related frequencies are very close in two methods. The first-order and the second-order natural 
frequencies are shown in Table 2, which can illustrate the effectiveness of the present results. Fig. 3 
also intuitively shows the varies of the naturel frequencies with increase the volume fraction of 
graphene by these two methods. It reveals that the second-order natural frequencies of the MFC-GP 
  
plate increases more quickly than the first-order ones with the ga  increasing from 0-0.1. Meanwhile, 
there exist the relationships of 1:2 and 1:3 between the first-order mode and second-order mode of the 
structure. 
Table 1 Material properties of the MFC-GP  
Material properties Epoxy GPL MFC 
Young’s modulus(GPa) 3.0 1010 210 
Density(kg m-3) 1200 1062.5 7450 
Poisson’s ration 0.34 0.186 0.3 
Piezoelectrical-stain 
coefficient(pC/N) 0 
31 250d = −  
32 200d =  
33 600d =  
31 250d = −  
32 300d =  
33 1400d =  
Table 2 The first and second order nature frequencies of the plate with the different volume fractions of GP 
Volume fraction of graphene 0 0.005 0.01 0.05 0.1 
The first order natural frequencies(Hz) 1.80 2.14 2.17 2.33 2.51 
The first order natural frequencies of Finite element(Hz) 1.59 1.63 1.67 1.98 2.34 
The second order natural frequencies(Hz) 4.95 5.94 6.00 6.43 6.98 
The second order natural frequencies of Finite element(Hz) 5.53 5.65 5.81 6.88 8.15 
 
 
Fig.3 Natural frequency variation with volume fraction of graphene 
The effect of voltage on the natural frequencies of the MFC-GP plate are also studied here. Fix 
the volume fraction of GP to 0.005, and the relationships can be obtained as shown in Fig. 4. The 
second order frequencies vary larger than the first order ones with the increasing parameters. The 
second order one almost reaches to 8.83Hz when the voltage is 5kV as shown in Fig. 4. Therefore, it 
  
points out that the frequencies of the MFC-GP plate can be changed through adjusting the applied 
voltages on the plate. 
  
Table 3 the first and second order nature frequencies of the MFC-GP plate with different voltages 
Voltage(kV) 1 2 3 4 5 
The first order frequencies(Hz) 2.14 2.55 2.83 3.03 3.21 
The second order frequencies(Hz) 5.94 7.04 7.78 8.35 8.83 
 
 
Fig.4 Natural frequencies variation with voltages 
5. Perturbation analysis 
The perturbation analysis of partial differential equations with the method of multi scale is 
adopted, and the solution forms of Eq. (17) is as follows 
( ) ( )1 10 0 1 11 0 1, , ...w w T T w T Tε= + +                                       (23) 
( ) ( )2 20 0 1 21 0 1, , ...w w T T w T Tε= + +                             (24) 
where, 0 1T t T tε= =，  
Based on the above analysis, the case of 1:2 inner resonance and fundamental parameter 
resonance is considered here, then the resonance relationships are expressed as follows 
1 11=ω εσΩ − ， 2 21=2ω εσΩ −                                     (25) 
where, 1ω  and 2ω  are the first and second order natural frequencies, 1σ  and 2σ  are two detuning 
parameters, respectively.  For convenience, take 1 2= =1Ω Ω . 
The average equations of polar form are obtained after the perturbation analysis 
( ) ( )1 1 1 11 2 1 2 13 11 1+ sin2 4
1
sin
2
a a p a k Fµ β β β= − − −&
                         (26a) 
( ) ( )3 21 1 11 1 12 1 2 1 1 11 2 1 2 13 13 1 1+ cos8 4 4
1
cos
2
a k a k a a a p a k Fβ σ β β β= + − − −&
  (26b) 
  
( )2 2 2 21 1 1 21 1 sin2 8a a p aµ β β= − − −&                                                (26c) 
( )3 22 2 21 2 22 1 2 2 2 21 1 1 23 1 1 cos16 8 8a k a k a a a p aβ σ β β= + − −+&                      (26d) 
Let the right-hand terms of Eq. (26) equal to zero and eliminate 1 2β β−  by using the relations 
between trigonometric functions, the frequency-response functions can be obtained 
( ) ( )
2
3 2 2 2
11 1 12 1 2 1 1 11 2
2
1 1 13 1 13 1
3 1 1
=
8 4 16
1 1 1
sin cos
2 2 2
k a k a a a p aa k F k Fµ σβ β   + + − − + +  
  
(27a) 
2 2
3 2 2 2
2 2 21 2 22 1 2 2 2 21 1
1 3 1 1
+ =
2 16 8 64
a k a k a a a p aµ σ−   − − +   
   
                  (27b) 
For convenience, let 1=1a  Eq. (27b) and 2 =1a  in Eq. (27a). The frequency-response functions 
with weakly coupled of two modes in the system are obtained 
  ( ) ( )
2
3 2
11 1 12 1 1 1 11
2
1 1 13 1 13 1
3 1 1
=
8 4 16
1 1 1
sin cos
2 2 2
k a k a a pa k F k Fµ σβ β   + + − − + +  
  
    (28a) 
2 2
3 2
2 2 21 2 22 2 2 2 21
1 3 1 1
+ =
2 16 8 64
a k a k a a pµ σ−   − − +   
   
                        (28b) 
 
Select the physical parameters of the MFC-GP plate as Table 1 and Only increase the volume 
fractions of graphene from 0, 0.005 to 0.05, we can obtain the different frequency-response curves of 
the system by numerical simulation. It is concluded that the system has the hardening spring 
characteristic all the time, and this property is clearer with the volume fractions of GP increased as 
shown in Figs. 5 and 6. 
 
             
Fig.5 Frequency-response curves of the first-
order mode with the different volume fractions of 
GP 
 
Fig.6 Frequency-response curves of the second-
order mode with the different volume fractions of 
GP 
 
  
Meanwhile, the piezoelectric parameters ijp and external force F  also have important influence 
on the nonlinear dynamic responses of the MFC-GP plate. Some special resonant phenomena of the 
MFC-GP plates can occur with the variation of the parameters. With the piezoelectric coefficient 
increases, the area of resonance increases as shown in Figs. 7 and 8 and the peak of the curves does 
not be changed. It is also illustrated in Fig. 9 that the resonance region transfers to left with the 
external force increases and occurs jumping phenomenon with 	  equals to 100 and 300. When 
increased to 500N, the jumping phenomenon disappear, which means the system more stable in this 
situation.  
          
Fig.7 Frequency-response curves of the first-
order mode with the different piezoelectric 
parameters 
 
Fig.8 Frequency-response curves of the second-
order mode with the different piezoelectric 
parameters 
 
 
Fig.9 Frequency-response curves of the first-order mode with external force 
 
6. Numerical simulation 
  
In this part, the nonlinear dynamic behaviors of the MFC-GP plate are studied through varying 
the parameters of the plate based on Eq. (17). Firstly, the effects of the volume fractions of the GP on 
the nonlinear vibrations of the MFC-GP plate are analyzed. Bifurcation diagrams of Poincare sections 
are applied here to analyze the different motions of the system. The x axis of the bifurcation diagrams 
represents the range of the		, which is from 0 to 300N. The y axis is the responses of the system for 
Eq. (17). The volume fraction of GP is 0 in Fig. 10, and then increased to 0.005 and 0.05 as shown in 
Figs. 11-12, respectively. Comparing these simulation results, it is found that the structure is more 
stable in both the first-order and second-order modes when the volume fraction of graphene is higher. 
These figures also feature some nonlinear dynamic behaviors in common. For instance the system has 
periodic motions after a short oscillation in the beginning and then comes back to chaotic motions 
when 	 increased to some certain values. 
 
      
a) Bifurcation diagram of the first-order mode   b) Bifurcation diagram of the second-order mode 
Fig.10 The volume fraction of graphene: 0ga =  
 
   
a) Bifurcation diagram of the first-order mode   b) Bifurcation diagram of the second-order mode 
Fig.11 The volume fraction of graphene: 0.005ga =  
  
   
a) Bifurcation diagram of the first-order mode   b) Bifurcation diagram of the second-order mode 
Fig.12 The volume fraction of graphene: 0.05ga =  
 
Here, some points are also selected to display the specific motions of the MFC-GP plate in the 
stable and unstable conditions. From the above bifurcation diagrams, it is easy to find out that the 
nonlinear responses of the plate are relatively stable when F is in the range 150N-270N. Therefore, 
the chaotic motion of the plate is shown in Fig. 13 with F equals to 100N and the periodic motion is 
observed in Fig. 14 when F is 260N, respectively. Then, the chaotic motion is occurs again when F
equals to 290N in Fig. 15. In these Figs, diagrams (a) and (b) are the two-dimensional phase portraits 
on the planes ( )1 2,x x  and ( )3 4,x x , respectively; (c) and (d) are the wave forms on the planes 1( , )t x  
and ( )3,t x ; and (e) shows the three-dimensional phase portraits in the space ( )1 2 3,x x x, .  
 
  
                a) Two-dimensional phase portrait                        b) Two-dimensional phase portrait 
              
                  c) Wave form                                                        d) Wave form 
 
e) Three-dimensional phase portrait 
Fig.13 The chaotic motion of the composite plate 
         
a) Two-dimensional phase portrait                      b) Two-dimensional phase portrait     
  
              
            c) Wave form                                                           d) Wave form 
 
e) Three-dimensional phase portrait 
Fig.14 The periodic motion of the composite plate 
         
a) Two-dimensional phase portrait                         b) Two-dimensional phase portrait     
  
              
                      c) Wave form                                                        d) Wave form 
 
e) Three-dimensional phase portrait 
Fig.15 The chaotic motion of the composite plate 
Meanwhile, some other main parameters also affect the nonlinear dynamical behaviors of the 
composite laminated plate like the damping coefficients, initial condition and so on. Fixed the other 
parameters in Table one and only increase the damping coefficients from 0.001 to 0.01, the bifurcation 
diagrams can be obtained as Fig. 16. It displays that the unstable regions of the system increase with 
the damping coefficients change. In the same way, only adjust the initial condition changes from 
[0.12, 0.16, 1.35, 0.5] to [1.32, 1.16, 2.35, 1.5], the unstable area of the system will be decreased as 
shown in Fig 17. Then, the special motions of the MFC-GP plate are given based on the Fig. 17, the 
periodic motion of the system is presented with 140F N= in Fig. 18 and the chaotic motion is 
depicted in Fig. 19 with 290F N= , respectively.  
  
      
a) Bifurcation diagram of the first-order mode   b) Bifurcation diagram of the second-order mode 
Fig.16 Changing the damping coefficient  
    
a) Bifurcation diagram of the first-order mode   b) Bifurcation diagram of the second-order mode 
Fig.17 Changing the initial condition 
  
         a) Two-dimensional phase portrait                       b) Two-dimensional phase portrait    
  
     
              c) Wave form                                                            d) Wave form 
 
 
e) Three-dimensional phase portrait 
Fig.18 The periodic motion of the composite plate 
  
              a) Two-dimensional phase portrait                  b) Two-dimensional phase portrait    
  
     
           c) Wave form                                                             d) Wave form 
 
 
e) Three-dimensional phase portrait 
Fig.19 The chaotic motion of the composite plate 
 
6. Conclusion 
The nonlinear dynamical characteristics of a MFC-GP plate subjected to transversal excitations 
are carried out. The GP is supposed to be uniformly dispersed in the upper and lower surfaces of the 
composite laminated plate with 1-3 mode of macro fiber. The nonlinear dynamic governing equation 
of the MFC-GP plate is obtained, and the stability analysis are performed based on the related linear 
system. Numerical simulation is conducted to study the effects of different parameters on nonlinear 
vibration of the MFC-GP plate. 
The results reveal that the higher the volume fraction of the GP in the composite material is, the 
higher the natural frequencies for the composite plate will be. Then, the piezoelectric coefficient and 
transversal excitations have influence on the frequency-response curves of the system and it shows the 
  
different characteristic with the parameters increase. The nonlinear dynamical behaviors of the plate 
become more stable with the GP increases in the composite plate under the same transversal 
excitations. Moreover, damping coefficients and the initial condition also affect the nonlinear 
vibration of the plate. 
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